The actual cycloidal speed reducer elements differ from their theoretical ideal due to existing tolerances; therefore, the cycloid disc behaves like a corrected one. This study is oriented towards determining contacts in corrected cycloid speed reducer profiles from the aspect of geometry. Based on this geometry, an objective function was developed for the optimization with some limitations. Heuristic optimization was used to determine the position of the cycloidal drive elements when a contact was established and, consequently, to determine clearances in other places. Some limitations were set so that the model could reflect a real contact. In this study, a TLBO algorithm was used for the optimization of a cycloidal speed reducer. Clearances were analysed for different correction values of the cycloid disc profile of an actual cycloidal drive and the optimization procedure was presented. The results provide a real picture of the contact in the presence of inevitable machining tolerances.
Introduction
Due to their extremely favourable performance properties (high efficiency, compact design, high gear ratio, easy maintenance, reliable operation, etc.) cycloidal speed reducers are frequently used in modern industry. Their application in the renewable energy sources is especially notable. The most commonly used cycloidal speed reducer gear profile is an equidistant shortened epitrochoid [1, 2, 3] , although profile modifications can sometimes be made in order to achieve better performance [4, 5, 6] . The geometry of the cycloidal gearing has been well studied, and there is a variety papers dealing with this issue, [7, 8, 9, 10] . Some authors have also defined procedures for parametric drawing of the cycloid disc tooth profile (2D and 3D), which significantly facilitates the design process of a cycloidal speed reducer, [11, 12, 13] . As part of multicriteria optimization of the basic cycloidal speed reducer parameters, special attention was paid to obtaining an optimal cycloid disc tooth profile.
Determination of Real Clearances Between N. Kostić, M. Blagojević, N. Petrović, Cycloidal Speed Reducer Elements by M. Matejić, N. Marjanović the Application of Heuristic Optimization errors made in the manufacture of cycloid discs, while the clearance enables better lubrication of the elements and facilitates the mounting and dismounting of the cycloidal speed reducer. The main disadvantage is the fact that the theoretical contact of a great number of elements is lost in the presence of clearances, leaving only one roller of the cycloidal speed reducer in contact with the cycloid disc. This radically changes the gear characteristics compared to the theoretical ones, and heightens the need to study the clearances between the elements of the cycloidal speed reducer in relation to the tolerance.
The clearance between the rollers and the cycloid disc is achieved in several ways [22] :  by correcting the cycloid disc profile,  by increasing the diameter of the circle with rollers,  by decreasing the diameter of the rollers. Fig. 1 The structure of cycloid drive (1 -Input shaft; 2 -Eccentric; 3 -Bearings; 4 -Cycloid discs; 5 -Ring gear; 6 -Ring gear rollers; 7 -Output rollers; 8 -Carrier; 9 -Output shaft) [10] The curve that defines the cycloid disc profile (the equidistant shortened epitrochoid) can be given in a mathematical form [10] , as seen in the expression (1) . It is important to point out that the determination of clearances between the cycloidal speed reducer elements is based on geometry; therefore, it is necessary to analyse the problem using the equations that formulate the problem geometrically.
where: R a -the radius of the rolling circle, R b -the radius of the base circle, α -the angular position of the starting contact point and the current contact point of the base and the rolling circle in relation to the centre of the base circle, β -the swivel angle of the rolling circle (Figure 2 ), e -eccentricity, q -the radius of the ring gear roller -equidistant distance, ϕ -the auxiliary angle.
The profile of the equidistant shortened epitrochoid (1) is obtained using the values given in Fig. 2 , which shows the procedure of generating the curve of the equidistant shortened epitrochoid. K b stands for the base circle (Fig. 2) , K a for the rolling circle, and λ for the auxiliary angle for the starting position. 
Based on the equations (1) and (2) 
The mathematical model is formulated based on the equations denoted by (3) . Clearances in the cycloidal speed reducer elements are determined using this mathematical model and verified using optimization methods.
Mathematical model
Since clearances are minimal distances between the rollers of the cycloidal speed reducer ring gear and the cycloid disc, it is necessary to create a mathematical model that will reflect these distances. It is also necessary to minimize the goal function. The mathematical The mathematical model has been created in such a way that the distance from the roller centre point and the curve of the cycloid disc of the cycloidal speed reducer can be determined. Correcting the curve profile of the cycloid disc, each of the roller centres is placed at the same distance from the cycloid disc curve, Fig. 4 a) . In order for the gear to be functional, the cycloid disc needs to be in contact with at least one roller, Fig. 4 b) . The mathematical model has been developed in such a way that the cycloid disc centres can move along the circle with the rollers until the actual contact has been realized.
The following expression is the basis for the formulation of the mathematical model: 2 2 min X Y  (4) The expression (4) represents an approach used for determining the geometric distance between the cycloid disc and the ring gear rollers. This expression involves the minimal distance between the elements, and the coordinates represent the distances between the elements along the X and Y axes. ,
where:
Cycloidal Speed Reducer Elements by the Application of Heuristic Optimization η -the optimization variable, defining the angle of the centre of the roller meshing with the cycloid disc in relation to the horizontal axis, n -the ordinal number of the roller for which the distance is calculated; when the contact is established, the value is 0, θ = 2π / z 2 -the angle at which the rollers are turned (z 2 = the total number of rollers), q c -the radius of the corrected ring gear roller -corrected equidistant distance. The optimization variables include the angle of the starting contact point and the current contact point of the base circle and the rolling circle in relation to the centre of the base circle ( Figure 2) , with the interval of 0 ≤ α ≤ 2π, as well as the variable that defines the values of the angle of the centre of the roller meshing with the cycloid disc in relation to the horizontal axis, at the interval of 0 ≤ η ≤ 2π. The value of the equidistance between the cycloid disk and the centre of the ring gear roller that needs to be minimized is given in Figure 5 . The minimal value of this distance can be 0, which is actually the contact between the corrected profile of the cycloid disc and the ring gear roller. The contact between the cycloid disc and the ring gear roller can be determined by applying the defined mathematical model from the equation (5) . However, it is also necessary to determine acceptable solutions, i.e. the solutions when none of the elements will overlap for any of the rollers. This approach yields a set of potential solutions that need to be studied and verified. If only the goal function were applied, with no limitations, overlapping between the elements would probably occur and this would not be a realistic case. That is why limitations are essential for the validation of this approach.
TLBO algorithm
Teaching-Learning-Based Optimization (TLBO) algorithm is a new evolutional algorithm that has drawn a lot of attention of scientists and researchers, [30] . The principle of the method is based on the relationship between a teacher and learners. Like all heuristic algorithms, it is a population-based algorithm, where a group of students or a class is considered to be a population. The TLBO algorithm is divided into two characteristic phases: Teacher Phase and Learner Phase.
The mean value (the average value) of the quality of the class increases depending on a good teacher. A good teacher is the one who increases the knowledge of the students to their own level. This practically means that the progress of the class does not depend only on the teacher but also on the individual abilities of the students.
The best solution in an iteration will act as the teacher for that iteration. The teacher can be expressed as X Teacher . Furthermore, the mean value X Mean for the overall solution has to be determined. The mean value is a new set of variables where each variable has a mean value in relation to the total number of students.
Teacher Phase
The first phase, called the Teacher Phase, refers to the influence of the teacher on the quality of the class. It depends directly on the mean value of the group, i.e. the population. Each teacher X Teacher will try to move the mean towards their own level X Mean , so that a new mean value is created and designated as X New . This value can be expressed as:
Here, r stands for the random value in the range (0, 1). T F can be either 1 or 2, which is decided randomly for each iteration. The value of the existing iteration is presented by the value X Old . This equation is applied in each iteration, but it is necessary to determine whether the newly acquired value is better that the old one. If the new value X New is better, it is accepted, otherwise the old one, X Old , is kept. The best data set (set of variables) for each iteration will act as X Teacher , which means that this value changes with the change in iterations.
Learner Phase
Learner Phase is the second phase of the TLBO algorithm, which is necessary for the proper functioning of the algorithm. It is based on interactions among the students. There are two possible cases in this phase. Two randomly chosen students are singled out. In the case when X i > X j (the function values of the two randomly chosen students), the algorithm uses the following equation:
In the second case, when X j > X i , the algorithm employs the following expression:
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The random value r is in the range of (0, 1), while the new value is accepted only if it is better than the previous one, regardless of which one of the cases is used.
Test examples
In order to verify the developed procedure, this paper gives representative practical examples based on the created mathematical model. A one-stage cycloidal speed reducer with corrected values is taken as an example. The cycloid disc has been corrected by 0.05 mm, 0.1 mm, and 0.3 mm. These examples illustrate a possibility of applying the developed mathematical model, software, and the method in accordance with the actual requirements. The values of the actual cycloidal speed reducer needed for optimization are given in Table 1 . With the theoretical model, all the teeth of the cycloid disc are in contact with the rollers, while half of the teeth carry the load, [1] . In order to solve the presented problem, the expression 5, which is an objective function, can be derived for the actual correction value of the cycloid disc profile. When minimization is performed for actual quantitative values of the objective function using the TLBO method, a set of potential solutions is obtained. These solutions refer to the values of the angle at which the contact between the cycloidal speed reducer elements is realized. Only the solutions where there is no overlapping between the cycloid disc and the ring gear rollers are acceptable.
Results
The mathematical model was formulated based on geometrical characteristics of the cycloidal speed reducer. For optimization purposes, original software based on TLBO was developed by the authors, and tested on standard test examples for validation.
The total number of evaluation functions was 250,000, and the population size (the number of students) was 50. The algorithm was run 100 times to determine potential solutions for which the ring gear roller was in contact with the cycloid disc. The distance between them had to be 0.0000000 mm (7 decimal places) to constitute contact.
The set of potential solutions include all cross-section points of the circle with the rollers and the cycloid disc. These values are given in Table 2 . These solutions should be verified in order to make sure that there is no overlapping between any of the rollers and the cycloid disc. For this purpose, the developed optimization software and CAD software (Autodesk Inventor) were interactively applied. The optimization software was used to determine the absolute value of the distance of each roller from each cycloid disc, while the CAD software was used to create the parametric model for testing the optimization values to find out whether the distances were positive or negative, i.e. whether overlapping occurred between the elements. All the solutions for which at least one roller in Table 2 has a negative distance have to be rejected because they are not applicable in practice. In other words, if the cycloidal speed reducer elements are considered to be absolute rigid bodies, the contact is realized only between one tooth of the cycloid disc and the roller, while the rest of the teeth are at a certain distance from the ring gear roller. The roller No.3 in Table  3 is the only one in contact with the cycloid disc, while the rest of the rollers are numbered in positive mathematical direction. These solutions are acceptable for practical application. Table 3 , only one ring gear roller is in contact with the cycloid disc and the distance between them is 0 mm. There are clearances between other rollers and the cycloid disc. Fig. 6 shows clearances between these elements in all the three cases. The correction values were chosen to demonstrate the methodological procedure of value determination and to illustrate the fact that corrections can be done for any value, depending on the actual machining tolerances and manufacturing conditions. Figure 7 shows the contact position with the corrected cycloid disc contacts. The circle with the centres of the ring gear rollers is turned until the contact is established.
There are many potential applications of these results and there is a possibility to directly integrate this procedure into CAD software. This would enable the design and analysis of cycloidal speed reducers with contacts and clearances that actually occur in practice. Real clearences could vary as a result of elastic deformation. 
Conclusion
The prime motive for conducting research in this filed is a great desire and need for practical and efficient use of alternative gear trains. Better knowledge of cycloidal speed reducers ensures their better practical applications. In addition, there is also a need to use optimization methods to solve machine design problems. A heuristic approach that enables The solution to the problem of how to determine clearances in the cycloidal speed reducer elements makes a significant step forward in the practical application of non-involute gears. This analysis also contributes to improvements in the performance of cycloidal gears and the reduction in manufacturing costs through finding a lower precision level required in production.
Clearances between the cycloidal speed reducer elements when one roller is in contact with the cycloid disc were determined by applying the TLBO methods. Based on the geometrical properties, an original mathematical model for determination of the distance between the elements of the cycloidal speed reducer was created. The correction of the profile was done for 0.05 mm, 0.1 mm, and 0.3 mm in order to validate the developed procedure and in order to demonstrate that it is possible to determine clearances for any correction value. The approach presented here has been developed so that researches can analyse a real cycloidal speed reducer with only one roller in contact with the cycloid disc and not a theoretical model. This is very important because it is not possible to manufacture elements with no tolerances and no manufacturing errors. This also affects the stress and strain state, but that will be the object of our further investigations which will also include the effects of elastic deformation on clearances. Finally, this process can be automated in order to facilitate its application.
